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Abstract
We consider a wrapped supermembrane around non-trivial two cycles of a 2-
torus. We examine the double dimensional reduction and the T-dual transformation
to deduce Green-Schwarz type IIB superstring action for (p, q)-strings directly from
the wrapped supermembrane on the 2-torus. The resulting action has the couplings
with both the NSNS- and the RR-background fields and has the tension of the
(p, q)-string.
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1
1 Introduction
The supermembrane in eleven dimensions [1] is expected to play an important role to
understand the fundamental degrees of freedom in M-theory. In fact, it was shown that
the wrapped supermembrane in a S1-compactified eleven dimensions is related to the
type IIA superstring in ten dimensions by means of the double dimensional reduction [2].
Meanwhile type IIB superstring is related to type IIA superstring via T-duality, or the
type IIA superstring on R9×S1 leads to the type IIB superstring on R10 in the shrinking
limit of the S1. Accordingly, the supermembrane wrapped on a vanishing 2-torus is
reduced to the type IIB superstring in ten dimensions.
The transformation rule for the NSNS fields under T-duality in type II superstring
theory is given in the sigma-model with (at least) one isometry direction, which is the well-
known Buscher’s rule [3]. The generalized Buscher’s rule, which is the transformation
rule under T-duality not only for the NSNS fields but also for the RR fields in type
II superstring, was derived at the level of the low energy effective action of type II
string theory [4, 5]. In addition, the generalized Buscher’s rule was also derived for the
type II Green-Schwarz superstring action [6] which is obtained by means of the double
dimensional reduction of the wrapped supermembrane up to quadratic order in the anti-
commuting superspace coordinates [7].
It is well-known that at low-energy level the type IIB superstring theory has a duality
group of SL(2,R) which is broken down to SL(2,Z) by the quantum effect. Schwarz
showed an SL(2,Z) family of string solutions in type IIB supergravity [8], which couples
to both the NSNS and the RR background fields. The (p, q)-string [8, 9] is considered to
be the bound state of fundamental strings (F-strings) and D1-branes (D-strings) in type
IIB superstring theory. Then, SL(2,Z)-covariant string actions were proposed [10, 11].
Meanwhile, the supermembrane which is wrapping p-times around one of the two compact
directions and q-times around the other direction gives a (p, q)-string, however the direct
derivation of the action was not given. Recently the bosonic sector of the type IIB
Green-Schwarz superstring action for (p, q)-string was derived directly from the wrapped
supermembrane action on a 2-torus [12].
In this paper we shall proceed to the analysis with the anti-commuting superspace
coordinates being recovered. We use the normal coordinates in the superfield formulation
[13, 14] of the supermembrane in a supergravity background. We consider a supermem-
brane wrapped around non-trivial two cycles on a 2-torus. In fact, the action is expanded
with respect to the anti-commuting coordinates θ up to quadratic order [7]. We shall take
the shrinking volume limit of the 2-torus to approach type IIB superstring theory along
the line of Ref.[6]. Then, we deduce (p, q)-strings in type IIB superstring theory from the
wrapped supermembrane in the limit. We shall see that the string carries p-times the
unit NSNS 2-form charge and q-times the unit RR 2-form charge as well, which indicates
that the deduced string is, in fact, a (p, q)-string in type IIB superstring theory.
The plan of this paper is as follows. In the next section, we set up the supermembrane
compactified on T 2 up to quadratic order in θ. In section 3 we shall carefully rewrite the
eleven-dimensional supergravity background fields compactified on a 2-torus and consider
the double dimensional reduction along an oblique direction of the 2-torus. In section
4, we consider the T-dual of the derived superstring action along the other compact
direction of the 2-torus to deduce the action of (p, q)-strings. The final section contains
some discussion.
2
2 Supermembrane in 11-dimensional superspace
The action of a supermembrane coupled to an eleven-dimensional supergravity back-
ground is given by [1]
S = T
∫
dσ0
∫ 2π
0
dσ1dσ2
[
−1
2
√
−γˆ γˆ iˆjˆ Πˆ A
iˆ
Πˆ B
jˆ
ηAB
+
1
2
√
−γˆ − 1
3!
ǫiˆjˆkˆ ∂iˆZ
Mˆ∂jˆZ
Nˆ∂kˆZ
Pˆ CˆPˆ NˆMˆ
]
, (2.1)
where T is the tension of supermembrane,1 CˆMˆNˆPˆ (Z) is the super three-form,
Πˆ Aˆ
iˆ
= (∂iˆZ
Mˆ) Eˆ Aˆ
Mˆ
, (2.2)
γˆiˆjˆ (ˆi, jˆ = 0, 1, 2) is the worldvolume metric, γˆ = det γˆiˆjˆ, the target space is a superman-
ifold with the superspace coordinates ZMˆ = (XM , θα) (M = 0, · · · , 10, α = 1, · · · , 32).
Furthermore, with the tangent superspace index Aˆ = (A, a), Eˆ Aˆ
Mˆ
is the supervielbein
and ηAB is the tangent space metric in eleven dimensions. The mass dimensions of the
worldvolume parameters σ iˆ and the eleven-dimensional background fields (GMN , CˆMNP )
are 0, while that of the worldvolume metric γˆiˆjˆ is −2. Note that the variation w.r.t. γˆiˆjˆ
yields the induced metric
γˆiˆjˆ = Πˆ
A
iˆ
Πˆ B
jˆ
ηAB , (2.3)
and plugging it back into the original action leads to the Nambu-Goto form
S = T
∫
dσ0
∫ 2π
0
dσ1dσ2
[
−
√
− det (Πˆ A
iˆ
Πˆ B
jˆ
ηAB)− 1
3!
ǫiˆjˆkˆ ∂iˆZ
Mˆ∂jˆZ
Nˆ∂kˆZ
Pˆ CˆPˆ NˆMˆ
]
.
(2.4)
In fact, it is convenient to work in the Nambu-Goto action when we carry out the double
dimensional reduction in the next section. Note that the action (2.4) has a fermionic
gauge symmetry, or the κ-symmetry
δκZ
Mˆ Eˆ A
Mˆ
= 0 , δκZ
Mˆ Eˆ a
Mˆ
= (1 + ΓˆK)
a
b κ
b , (2.5)
where
ΓˆK =
1
6
1√− det γˆiˆjˆ ǫiˆjˆkˆΠˆ Aˆiˆ Πˆ Bˆjˆ Πˆ Cˆkˆ ΓˆAˆBˆCˆ , (2.6)
γˆiˆjˆ is the induced metric (2.3) and the parameter κ is a 32-component spacetime Majo-
rana spinor and a worldvolume scalar. In fact, the κ-symmetry exists provided that the
background supergeometry is constrained [1], which is equivalent to the on-shell D=11
supergravity background [15]
The supervielbein and the super three-form are explicitly given to O(θ2) in the
fermionic coordinates [7]. Setting the fermionic background fields to zero, we have2
Eˆ AM = eˆ
A
M + iθ¯Γ
AΩˆMθ , Eˆ
a
M = (ΩˆMθ)
a , Eˆ Aα = −i(θ¯ΓA)α , Eˆ aα = δaα +M aα , (2.7)
1The eleven-dimensional Planck length l11 is defined by T = (2π)
−2l−311 .
2M aα is of O(θ
2), however, the explicit form is not used in our analysis.
3
and3
CˆMNP = AˆMNP + 3iθ¯Γˆ[MNΩˆP ]θ , CˆMNα = −i(θ¯ΓˆMN)α ,
CˆMαβ = (θ¯ΓˆMN)(α(θ¯Γˆ
N )β) , Cˆαβγ = i(θ¯ΓˆMN)(α(θ¯Γˆ
M)β(θ¯Γˆ
N)γ) , (2.8)
where
ΩˆM =
1
4
ωˆ BCM ΓBC − TˆM , (2.9)
TˆM =
1
288
(Γˆ NPQRM − 8 δ[NM ΓˆPQR]) FˆNPQR , (2.10)
eˆ AM is the eleven-dimensional bosonic vielbein (elfbein) and hence GMN = eˆ
A
M eˆ
B
N ηAB,
AˆMNP is the bosonic three-form and its field strength FˆMNPQ = 4∂[M AˆNPQ], ΓA is the
gamma matrix in eleven dimensions,4 θ¯ = tθ C = tθ Γ0, ΓA1A2···An ≡ Γ[A1ΓA2 · · ·ΓAn] ,
ΓˆM ≡ eˆ AM ΓA, and ωˆ ABM is the torsion free spin connection
ωˆ ABM = eˆ
[A|N |(∂M eˆ
B]
N − ∂N eˆ B]M )−
1
2
eˆ[A|N |eˆB]P (∂N eˆ CP − ∂P eˆ CN )eˆMC . (2.11)
It is helpful to define the objects with the tangent space indices as follows
ΩˆA = eˆ
M
A ΩˆM , ωˆ
BC
A = eˆ
M
A ωˆ
BC
M , FˆABCD = eˆ
M
A eˆ
N
B eˆ
P
C eˆ
Q
D FˆMNPQ , (2.12)
where eˆ MA is the inverse of eˆ
A
M . In fact, it is easy to work with the tangent space indices
rather than with the target space indices when we calculate the component field expansion
to quadratic order in θ. Consequently, the supermembrane action in θ2-order is given by5
S = T
∫
d3σ
[
−
√
− detGiˆjˆ −
1
6
ǫiˆjˆkˆCˆkˆjˆ iˆ
]
= T
∫
d3σ
[
−
√
− detGiˆjˆ −
1
6
ǫiˆjˆkˆAˆkˆjˆiˆ − i
√
− detGiˆjˆ θ¯(1− ΓˆM2)ΓˆiˆDˆiˆθ
]
, (2.13)
where
Giˆjˆ = Giˆjˆ + 2iθ¯Γˆ(ˆiDˆjˆ)θ , Cˆiˆjˆkˆ = Aˆiˆjˆkˆ + 3iθ¯Γˆ[ˆijˆDˆkˆ]θ , (2.14)
Giˆjˆ = ∂iˆX
M∂jˆX
N GMN , Aˆiˆjˆkˆ = ∂iˆX
M∂jˆX
N∂kˆX
P AˆMNP , (2.15)
Γˆiˆ = ∂iˆX
M ΓˆM , Γˆ
iˆ = GiˆjˆΓˆjˆ , (2.16)
Ωˆiˆ = ∂iˆX
M ΩˆM , Dˆiˆ = ∂iˆ + Ωˆiˆ , (2.17)
ΓˆM2 =
1
6
1√− detGiˆjˆ ǫiˆjˆkˆΓˆiˆjˆkˆ . (2.18)
3Symmetrization [∗ · · · ∗] and anti-symmetrization (∗ · · · ∗) of the indices are made with unit weight,
A[MBN ] = (1/2)(AMBN −ANBM ), etc. (see Appendix A).
4The gamma matrices satisfy {ΓA,ΓB } = 2ηAB and the Dirac conjugate for a general spinor ψ is
ψ¯ = iψ†Γ0.
5Note that the fermionic coordinate y in Ref.[16] corresponds to −i√2 θ.
4
3 Double dimensional reduction
We consider a wrapped supermembrane action compactified on a 2-torus. We shall take
the shrinking limit of the 2-torus, or make the double dimensional reduction[2], and
perform the T-dual transformation to deduce the (p, q)-string action directly from the
supermembrane action (2.1) or (2.4). We take the 10th and 9th directions to compactify
on T 2, whose radii are L1 and L2, respectively. In taking the shrinking volume limit of
the 2-torus, we keep the ratio of the radii finite, or fix the moduli of T 2,
gb ≡ L1
L2
: finite. (L1, L2 → 0) (3.1)
Considering the line element on the 2-torus
ds2T 2 = Guv dX
udXv =
(
G99 − (G910)
2
G1010
)
(dX9)2 +G1010
(
dX10 +
G910
G1010
dX9
)2
, (3.2)
where u, v = 9, 10, we shall impose that the target space coordinates satisfy the following
boundary conditions [12]√
G˚1010X
10(σ1, σ2 + 2π) = 2πw1L1p+
√
G˚1010X
10(σ1, σ2) ,√
G˚99 − (G˚910)
2
G˚1010
X9(σ1, σ2 + 2π) = 2πw1L2q +
√
G˚99 − (G˚910)
2
G˚1010
X9(σ1, σ2) ,
√
G˚1010X
10(σ1 + 2π, σ2) = 2πw2L1r +
√
G˚1010X
10(σ1, σ2) ,√
G˚99 − (G˚910)
2
G˚1010
X9(σ1 + 2π, σ2) = 2πw2L2s+
√
G˚99 − (G˚910)
2
G˚1010
X9(σ1, σ2) , (3.3)
where6
pr + qs = 0 , ps− qr ≡ nc > 0 , (p, q, r, s ∈ Z, w1 ∈ N\{0} , w2 ∈ Z\{0}) (3.4)
and G˚1010, G˚99 and G˚910 stand for the asymptotic constant values of the metric.
7 Eq.(3.3)
can be written by
X10(σ1, σ2) = R1 (w1pσ
2 + w2rσ
1) + Y 1(σ1, σ2) ,
X9(σ1, σ2) = R2 (w1qσ
2 + w2sσ
1) + Y 2(σ1, σ2) , (3.5)
with
Y ξ(σ1 + 2π, σ2) = Y ξ(σ1, σ2 + 2π) = Y ξ(σ1, σ2) , (ξ = 1, 2) (3.6)
and8
R1 ≡ L1√
G˚1010
, R2 ≡ L2√
G˚99 − (G˚910)2G˚1010
. (3.7)
6We may assume nc > 0 and w1 > 0 without loss of generality since we can flip the signs of (p, q)→
(−p,−q) (for w1) and (r, s)→ (−r,−s) (for nc) if necessary. Furthermore, we can see that eq.(3.4) leads
to (r, s) = n(−q, p) (n ∈ N).
7Precisely speaking, G˚uv (u, v = 9, 10) should satisfy ∂iG˚uv = 0 and (3.10) as well.
8We shall see R1 = L1 e
−2φ0/3 from eq.(C.1) where φ0 is the asymptotic value of the type IIA
dilaton background and hence M/IIA-relation, or 11d/IIA-SUGRA-relation, leads to R1 = ℓ11 (the
eleven-dimensional Planck length).
5
The other fields satisfy the periodic boundary conditions, X0(σ1+2π, σ2) = X0(σ1, σ2+
2π) = X0(σ1, σ2), etc.. The above expressions represent that the supermembrane is
wrapping w1p-times around one of the two compact directions (the X
10-direction) and
w1q-times around the other direction (the X
9-direction), or w1-times around (p, q)-cycle
along the σ2-direction on the worldsheet. And it is also wrapping w2-times around (r, s)-
cycle along the σ1-direction. These two cycles are orthogonal to each other and intersect
at least once. Thus, this wrapped supermembrane is expected to give the (p, q)-string
[8, 12]. In fact, we shall see below that the (p, q)-string comes out through the double
dimensional reduction.
Now that we shall adopt the double dimensional reduction technique [2] to deduce
(p, q)-strings. First we determine the spacetime direction to be aligned with one of the
worldvolume coordinate, or we fix the gauge. We define Xy and Xz by an SO(2) rotation
of the target space, (
Xz
Xy
)
= O(p,q)
(
X10
X9
)
, (3.8)
where
O(p,q) =
1
cpq
(
p q
−q p
)
≡
(
pˆ qˆ
−qˆ pˆ
)
∈ SO(2) , cpq ≡
√
p2 + q2 . (3.9)
By using the relations between the eleven-dimensional supergravity fields and the S1-
compactified type IIB ones [4, 5], we have
√
G99 − (G910)2G1010
G1010
= e−ϕ →
√√√√G˚99 − (G˚910)2G˚1010
G˚1010
= e−ϕ0 = g−1b =
L2
L1
, (3.10)
where ϕ is the type IIB dilaton background and ϕ0 is its asymptotic constant value.
Thus, eq.(3.10) leads to
R1 = R2 ≡ RB . (3.11)
Then we have
Xz = w1cpq RB σ
2 + pˆ Y 1(σ iˆ) + qˆ Y 2(σ iˆ) ,
Xy =
w2 ncRB
cpq
σ1 − qˆ Y 1(σ iˆ) + pˆ Y 2(σ iˆ) . (3.12)
The target space metric and the background 3-form field are transformed under the SO(2)
rotation in eq.(3.8) as (M˜, N˜ , P˜ , Q˜ = 0, 1, 2, · · · , 8, y, z)
G˜M˜N˜ = GMN
∂XM
∂XM˜
∂XN
∂XN˜
,
˜ˆ
AM˜N˜P˜ = AˆMNP
∂XM
∂XM˜
∂XN
∂XN˜
∂XP
∂X P˜
. (3.13)
In addition, we shall define the objects in the rotated coordinate system as follows
˜ˆ
ΓM˜ = ˜ˆe M˜A Γ
A ,
˜ˆ
ΩM˜ =
˜ˆe A
M˜
ΩˆA ,
˜ˆωM˜
BC = ˜ˆeM˜
A ωˆA
BC ,
˜ˆ
F M˜N˜P˜ Q˜ =
˜ˆeM˜
A ˜ˆeN˜
B ˜ˆeP˜
C ˜ˆeQ˜
D FˆABCD . (3.14)
Let us choose the Kaluza-Klein condition for the target space metric and the bosonic
vielbein in the rotated coordinate system. A suitable choice is (µ˜, ν˜ = 0, 1, · · · , 8, y and
6
µ, ν = 0, 1, · · · , 8)
G˜M˜N˜ ≡ e−
2
3
φ˜

 g˜µ˜ν˜ + e2φ˜A˜µ˜A˜ν˜ e2φ˜A˜µ˜
e2φ˜A˜ν˜ e
2φ˜


=


1√
G˜zz
g˜µν +
1
G˜zz
G˜µzG˜νz
1√
G˜zz
g˜µy +
1
G˜zz
G˜µzG˜yz G˜µz
1√
G˜zz
g˜yν +
1
G˜zz
G˜yzG˜νz
1√
G˜zz
g˜yy +
1
G˜zz
G˜yzG˜yz G˜yz
G˜νz G˜yz G˜zz

 , (3.15)
and
˜ˆeM˜
A = e−
φ˜
3

 e˜ rˆµ˜ eφ˜A˜µ˜
0 eφ˜

 , ˜ˆe M˜A = e φ˜3

 e˜ µ˜rˆ −e˜ µ˜rˆ A˜µ˜
0 e−φ˜

 , (3.16)
where e˜ rˆµ˜ and g˜µ˜ν˜ are the vielbein (zehnbein) and the target space metric in ten di-
mensions, respectively, A˜µ˜ is a Kaluza-Klein vector field and φ˜ is a scalar field which is
reduced to the type IIA dilaton in the case of (p, q) = (1, 0) in eq.(3.9).
Eq.(3.16) implies that the spinor θ should be rescaled by e−φ˜/6 in ten dimensions,
which is understood as follows. The gamma matrices in eleven dimensions are split into
the ten-dimensional gamma matrices and the rest, {ΓA} = {Γrˆ,Γ10}. Let us consider
the supersymmetry transformation, δXM = iǫ¯ ΓˆMθ = ieˆ MA ǫ¯Γ
Aθ, δθ = ǫ. Then, we
have δX µ˜ = ieˆ µ˜A ǫ¯Γ
Aθ = ieφ˜/3e˜ µ˜rˆ ǫ¯Γ
rˆθ, δθ = ǫ. Once we impose that the form of the
transformation in eleven dimensions is preserved in ten dimensions, we should rescale the
Majorana spinors θ → e−φ˜/6 θ and ǫ→ e−φ˜/6 ǫ . In addition, we also define the following
objects in ten dimensions
Ω˜µ˜ ≡ e˜ rˆµ˜ Ωrˆ , Ωrˆ ≡ e−
φ˜
3 Ωˆrˆ , Ω10 ≡ e−
φ˜
3 Ωˆ10 , (3.17)
and these are related to { ˜ˆΩM˜} = { ˜ˆΩµ˜, ˜ˆΩz} in eq.(3.14) as
˜ˆ
Ωµ˜ = ˜ˆeµ˜
A ΩˆA = Ω˜µ˜ + e
φ˜A˜µ˜ Ω10 ,
˜ˆ
Ωz = ˜ˆez
A ΩˆA = e
φ˜Ω10 . (3.18)
The supervielbein analog of the Kaluza-Klein condition (3.16) is given by (m˜ = (µ˜, α))
˜ˆ
E ˆ˜M
Aˆ =
(
˜ˆ
Em˜
rˆ ˜ˆEm˜
a ˜ˆEm˜
10
˜ˆ
Ez
rˆ ˜ˆEz
a ˜ˆEz
10
)
= Φ˜−
1
3
(
E˜ rˆm˜ E˜
a
m˜ + C˜m˜ψ˜
a Φ˜C˜m˜
0 ψ˜a Φ˜
)
, (3.19)
which implies
˜ˆe rˆz = 0 , θ¯Γ
rˆ ˜ˆΩzθ = 0 . ( θ¯Γ
rˆΩ10θ = 0 ) (3.20)
Now we shall make a (partial) gauge choice of (cf. Ref.[2])
Xz =
L1w1cpq√
G˚1010
σ2 ≡ Cpq σ2, (3.21)
or the Xz-direction is aligned with one of the space direction σ2 of the worldvolume.
Then the dimensional reduction is achieved by imposing the following conditions on the
target superspace coordinates and the background fields,
∂
∂σ2
Zm˜ = 0 , (3.22)
∂
∂Xz
G˜M˜N˜ =
∂
∂Xz
˜ˆ
AM˜N˜P˜ = 0 . (3.23)
7
Thus the induced metric on the worldvolume is given by [2] (i, j = 0, 1)
γˆiˆjˆ = Πˆ
A
iˆ
Πˆ B
jˆ
ηAB = Φ
′− 2
3
(
γij + Φ
′2CiCj Φ′2Ci
Φ′2Cj Φ′2
)
, (3.24)
where
Φ′
4
3 = Cpq
2 Φ˜
4
3 ,
Φ′
4
3Ci = Cpq Φ˜
4
3 ∂iX
m˜C˜m˜ ,
γij = Cpq Π˜
rˆ
i Π˜
sˆ
j ηrˆsˆ , (Π˜
rˆ
i ≡ ∂iZm˜E˜ rˆm˜ ) (3.25)
and (up to quadratic order in θ with the fermionic background fields being zero)9
Φ˜
1
3 = (
˜ˆ
E 10z )
1
2 = e
φ˜
3
(
1 +
i
2
θ¯Γ10Ω10θ
)
,
E˜µ˜
rˆ = Φ˜
1
3
˜ˆ
E rˆµ˜ =
(
1 +
i
2
θ¯Γ10Ω10θ
)
e˜ rˆµ˜ + iθ¯Γ
rˆΩ˜µ˜θ ,
E˜α
rˆ = Φ˜
1
3
˜ˆ
E rˆα = −e
φ˜
6 i(θ¯Γrˆ)α ,
Π˜ rˆi = ∂iZ
m˜E˜m˜
rˆ = ∂iX
µ˜
{
e˜ rˆµ˜
(
1 +
i
2
θ¯Γ10Ω10θ
)
+ iθ¯ΓrˆΩ˜µ˜θ
}
+ iθ¯Γrˆ∂iθ . (3.26)
We have √
− det γˆiˆjˆ =
√
− det γij . (3.27)
Thus, by the double dimensional reduction of eqs.(3.21)-(3.23), the supermembrane action
(2.4) is reduced to
Sddr = 2πT
∫
dσ0
∫ 2π
0
dσ1Cpq
[
−
√
− det G˜ij − 1
2
ǫijB˜ji
]
, (3.28)
where
G˜ij = g˜ij + Q˜ij + 2iθ¯Γ(i∂j)θ , (3.29)
B˜ij = A˜ij − P˜ij − 2iθ¯Γ[iΓ10∂j]θ , (3.30)
the indices i, j of g˜ij, Q˜ij , etc. mean
g˜ij ≡ ∂iX µ˜∂jX ν˜ g˜µ˜ν˜ , Q˜ij ≡ ∂iX µ˜∂jX ν˜Q˜µ˜ν˜ , Γi ≡ ∂iX µ˜e˜ rˆµ˜ Γrˆ , etc. , (3.31)
and
A˜µ˜ν˜ =
˜ˆ
Aµ˜ν˜z , Q˜µ˜ν˜ = e˜
rˆ
µ˜ e˜
sˆ
ν˜ Qrˆsˆ , P˜µ˜ν˜ = e˜
rˆ
µ˜ e˜
sˆ
ν˜ Prˆsˆ ,
Qrˆsˆ = iηrˆsˆθ¯Γ10Ω10 θ + 2iθ¯Γ(rˆΩsˆ)θ , Prˆsˆ = −iθ¯ΓrˆsˆΩ10θ − 2iθ¯Γ10Γ[rˆΩsˆ]θ . (3.32)
This reduced action (3.28) naturally inherits κ-symmetry [2]. In fact, eq.(2.5) leads to the
transformation law which leaves the action (3.28) of order up to quadratic in θ invariant
δκθ = (1 + ΓF )κ , δκX
µ˜ = −iθ¯Γµ˜(1 + ΓF )κ , δκΦbg = δκX µ˜∂µ˜Φbg , (3.33)
9Note that we have taken the rescaling of θ, θ → e−φ˜/6 θ.
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where Φbg stands for a general field of supergravity background and
ΓF =
1
2
1√− det g˜ij ǫijΓijΓ10 . (3.34)
Similarly, the SUSY transformation, which leaves the action (3.28) invariant, is given by
δǫθ = ǫ , δǫX
µ˜ = iǫ¯Γµ˜θ , δǫΦbg = δǫX
µ˜∂µ˜Φbg . (3.35)
By introducing the worldsheet metric γ˜ij, eq.(3.28) can be rewritten in the Polyakov
form as usual
Sddr =
2πT
2
∫
dσ0
∫ 2π
0
dσ1Cpq
[
−
√
−γ˜ γ˜ij (∂iX µ˜∂jX ν˜E˜µ˜ν˜ + 2∂iX µ˜G˜jµ˜)
+ ǫij(∂iX
µ˜∂jX
ν˜B˜µ˜ν˜ − 2∂iX µ˜B˜jµ˜)
]
, (3.36)
where
E˜µ˜ν˜ = g˜µ˜ν˜ + Q˜µ˜ν˜ , B˜µ˜ν˜ = A˜µ˜ν˜ − P˜µ˜ν˜ , (3.37)
are the super metric and the super 2-form, respectively, and
G˜jµ˜ = e˜ rˆµ˜ Gjrˆ , B˜jµ˜ = e˜ rˆµ˜ Bjrˆ ,
Gjrˆ = iθ¯Γrˆ∂jθ , Bjrˆ = iθ¯ΓrˆΓ10 ∂jθ . (3.38)
As was pointed out in [2], this action (3.36) has conformal invariance. When we con-
sider the T-dual transformation between type IIA/IIB superstring theories, it is, in fact,
convenient to work with the action of the Polyakov type. Eq.(3.36) can be written by
Sddr =
2πT
2
∫
dσ0
∫ 2π
0
dσ1Cpq
[
−
√
−γ˜ γ˜ij∂iX µ˜∂jX ν˜G˜µ˜ν˜ + ǫij∂iX µ˜∂jX ν˜B˜µ˜ν˜
]
, (3.39)
where10
G˜µ˜ν˜ = g˜µ˜ν˜ + Q˜µ˜ν˜ + 2iθ¯Γ(µ˜∂ν˜)θ , B˜µ˜ν˜ = A˜µ˜ν˜ − P˜µ˜ν˜ − 2iθ¯Γ[µ˜Γ10∂ν˜]θ . (3.40)
We shall give Qrˆsˆ and Prˆsˆ in eq.(3.32) more explicitly with the background fields. As
we noted, it is easy to work out with the tangent space indices rather than with the target
space indices. Hence we shall calculate the decomposition of the 4-form field strength
FˆABCD and the spin connection ωˆ
BC
A in eq.(3.14) under the Kaluza-Klein condition (3.16).
The decomposition of the 4-form field strength
{FˆABCD} = {Fˆrˆsˆtˆuˆ, Fˆrˆsˆtˆ10} , (3.41)
is
Fˆrˆsˆtˆuˆ = e
4
3
φ˜e˜ µ˜rˆ e˜
ν˜
sˆ e˜
ρ˜
tˆ
e˜ σ˜uˆ F˜µ˜ν˜ρ˜σ˜ ≡ e
4
3
φ˜F˜rˆsˆtˆuˆ , Fˆrˆsˆtˆ10 = e
1
3
φ˜ e˜ µ˜rˆ e˜
ν˜
sˆ e˜
ρ˜
tˆ
H˜µ˜ν˜ρ˜ ≡ e 13 φ˜H˜rˆsˆtˆ ,
(3.42)
where
F˜µ˜ν˜ρ˜σ˜ ≡ ˜ˆF µ˜ν˜ρ˜σ˜ + 4A˜[µ˜H˜ν˜ρ˜σ˜] , H˜µ˜ν˜ρ˜ ≡ ˜ˆF µ˜ν˜ρ˜z . (3.43)
10It is understood that ∂µ˜θ is always associated with ∂iX
µ˜ in the action to make it a derivative term
w.r.t. a worldsheet coordinate, ∂iθ.
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Similarly, the spin connection
{ωˆ BCA } = {ωˆ sˆtˆrˆ , ωˆ sˆ10rˆ , ωˆ rˆsˆ10 , ωˆ rˆ1010 } , (3.44)
is given by
ωˆ sˆtˆrˆ = e
1
3
φ˜
(
ω˜ sˆtˆrˆ −
2
3
δ
[sˆ
rˆ e˜
tˆ]ν˜∂ν˜φ˜
)
, ωˆ sˆ10rˆ =
1
2
e
4
3
φ˜ e˜ µ˜rˆ e˜
sˆν˜F˜µ˜ν˜ ,
ωˆ rˆsˆ10 = −
1
2
e
4
3
φ˜ e˜rˆρ˜e˜sˆσ˜F˜ρ˜σ˜ , ωˆ
rˆ10
10 = −
2
3
e
1
3
φ˜ e˜rˆν˜∂ν˜φ˜ , (3.45)
where ω˜ sˆtˆrˆ = e˜
µ˜
rˆ ω˜
sˆtˆ
µ˜ , ω˜
rˆsˆ
µ˜ is the torsion free spin connection, which is made of e˜
rˆ
µ˜ , and
F˜µ˜ν˜ = 2∂[µ˜A˜ν˜] (3.46)
is the field strength of the Kaluza-Klein vector field in eq.(3.16).
Then, {ΩˆA} = {Ωˆrˆ, Ωˆ10} in eq.(2.12) is calculated explicitly by using (3.42), (3.45)
and (3.46), and hence we have (cf. Appendix B)
Qrˆsˆ = Q
(2)
rˆsˆ −Q(4)rˆsˆ +
i
4
sIJ θ¯IΓ
tˆuˆ
(rˆ θJH˜sˆ)tˆuˆ +
i
2
θ¯IΓ(rˆΓ|tˆuˆ|θI ω˜
tˆuˆ
sˆ) ,
Prˆsˆ = P
(2)
rˆsˆ − P (4)rˆsˆ +
i
4
θ¯IΓ
uˆvˆ
[rˆ θIH˜sˆ]uˆvˆ +
i
2
sIJ θ¯IΓ[rˆΓ|tˆuˆ|θJ ω˜
tˆuˆ
sˆ] ,
Girˆ = iθ¯IΓrˆ∂iθI ,
Birˆ = isIJ θ¯IΓrˆ∂iθJ , (3.47)
where I, J = +,−, s++ − 1 = s−− + 1 = s+− = s−+ = 0,
Q
(n)
rˆsˆ =
i
2n!
eφ˜ θ¯+Γ(rˆΓ
rˆ1···rˆnΓsˆ)θ− F˜rˆ1···rˆn , (n = 2, 4)
P
(n)
rˆsˆ =
i
2n!
eφ˜ θ¯+Γ[rˆΓ
rˆ1···rˆnΓsˆ]θ− F˜rˆ1···rˆn , (n = 2, 4) (3.48)
and θ± are the 16-component positive and negative chiral spinors, respectively
θ± = Γ± θ , Γ± =
1
2
(1± Γ10) . (3.49)
Then, eq.(3.28) can also be written by (see section D)
Sddr = 2πT
∫
d2σ Cpq
[
−
√
−g˜ − 1
2
ǫijA˜ji − 2i
√
−g˜ θ¯P(−)Γi∇iθ
]
, (3.50)
where g˜ = det g˜ij and
P(−) =
1
2
(
1− 1
2
√−g˜ ǫ
ijΓijΓ
10
)
. (3.51)
∇i = Di + 1
8
eφ˜
( 1
2!
ΓrˆsˆΓ10F˜rˆsˆ − 1
4!
ΓrˆsˆtˆuˆF˜rˆsˆtˆuˆ
)
Γi +
1
8
ΓrˆsˆΓ10H˜irˆsˆ , (3.52)
Di = ∂i +
1
4
∂iX
µ˜Γrˆsˆ ω˜
rˆsˆ
µ˜ , (3.53)
H˜irˆsˆ = ∂iX
µ˜e˜ tˆµ˜ H˜tˆrˆsˆ , Γi = ∂iX
µ˜Γµ˜ , Γ
i = g˜ijΓj . (3.54)
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4 (p, q)-string from wrapped supermembrane
In this section we derive the (p, q)-string action from the reduced supermembrane action
in eq.(3.36). The action has an abelian isometry associated with the other compactified
Xy-direction, and we can make a dual transformation as is the case with sigma models.
Introducing a variable X9, which will be seen to be dual to Xy, eq.(3.36) (or (3.39)) can
be rewritten in a classically equivalent form
Sddr = −2πT
2
∫
dσ0
∫ 2π
0
dσ1Cpq
[√
−γ˜ γ˜ij (∂iXµ∂jXν G˜µν + 2∂iXµΞj G˜µy + ΞiΞj G˜yy)
− ǫij( ∂iXµ∂jXν B˜µν + 2∂iXµΞj B˜µy)− 2ǫijX9∂iΞj
]
, (4.1)
since the variation w.r.t. X9 leads to ǫij∂iΞj = 0 or Ξj = ∂jX
y and hence eq.(3.36) can
be reproduced.11 On the other hand, assuming that all the fields are independent of Ξj
(or Xy), the variation w.r.t. Ξi leads to
Ξi =
γ˜ijǫ
kj
G˜yy
√−γ˜ (∂kX
µ
B˜µy − ∂kX9)− G˜µy
G˜yy
∂iX
µ . (4.2)
Plugging eq.(4.2) into eq.(4.1) we have
Sddr = −2πT
2
∫
dσ0
∫ 2π
0
dσ1Cpq
[√
−γ˜ γ˜ij∂iX µˆ∂jX νˆG′µˆνˆ − ǫij∂iX µˆ∂jX νˆB′µˆνˆ
]
= −2πT
2
∫
d2σ Cpq
[√
−γ˜ γ˜ij (∂iX µˆ∂jX νˆE ′µˆνˆ + 2∂iX µˆG ′jµˆ)
− ǫij(∂iX µˆ∂jX νˆB′µˆνˆ − 2∂iX µˆB′jµˆ)
]
, (4.3)
where we have defined X µˆ = (Xµ, X9) = (Xµ, X9) and the ten-dimensional dual fields
G
′
µν = G˜µν + G˜
−1
yy (B˜µyB˜νy − G˜µyG˜νy) , G′µ9 = −G˜−1yy B˜µy , G′99 = G˜−1yy ,
B
′
µν = B˜µν − 2G˜−1yy B˜[µ|y|G˜ν]y , B′µ9 = −G˜−1yy G˜µy , (4.4)
or
E ′µν = E˜µν + E˜
−1
yy (B˜µyB˜νy − E˜µyE˜νy) , E ′µ9 = −E˜−1yy B˜µy , E ′99 = E˜−1yy ,
B′µν = B˜µν − E˜−1yy (B˜µyE˜νy − B˜νyE˜µy) , B′µ9 = −E˜−1yy E˜µy ,
G ′jµ = G˜jµ + E˜−1yy (B˜µyB˜jy − E˜µyG˜jy) , G ′j9 = −E˜−1yy B˜jy ,
B′jµ = B˜jµ + E˜−1yy (B˜µyG˜jy − B˜jyE˜µy) , B′j9 = −E˜−1yy G˜jy . (4.5)
4.1 θ0-order action
The θ0-order part of eq.(4.4) is given by
g′µν = g˜µν + g˜
−1
yy (A˜µyA˜νy − g˜µyg˜νy) , g′µ9 = −g˜−1yy A˜µy , g′99 = g˜−1yy ,
A′µν = A˜µν − 2g˜−1yy A˜[µ|y|g˜ν]y , A′µ9 = −g˜−1yy g˜µy . (4.6)
11We assume that the background fields are independent of X9 in eq.(4.1).
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Note that in the case of (p, q) = (1, 0) in eq.(3.9), eq.(4.6) is reduced to the ordinary
Buscher’s T-dual rule for the NSNS sector [3]. However, since we have rotated the target
space coordinates in eq.(3.8) by the SO(2) matrix in eq.(3.9), the T-dual transformation
rule (4.6) of order zero in θ includes not only the NSNS fields but also the RR fields, or
the RR 2-form, which will been seen below.
Now that we consider T-dual for the background fields in eq.(3.36) (or eq.(4.3)).
Since we regard X10 (not Xz) as the 11th direction, we should take T-dual along the
X9-direction (not Xy-direction) to transform type IIA superstring theory to type IIB
superstring theory. Then we can rewrite the background fields in terms of those of the
type IIB supergravity as follows (cf. Appendix C),12
g˜µν = ∆(pˆqˆ)
(
µν −
9µ9ν − B(pq)9µ B(pq)9ν
99
)
,
g˜µy =
B
(pq)
9µ
99
,
g˜yy =
1
∆(pˆqˆ) 99
,
˜ˆ
Aµνz (= qˆAˆµν9 + pˆAµν10) = ∆(pˆqˆ)
(
B(pq)µν +
2B
(pq)
9[µ ν]9
99
)
,
˜ˆ
Aµyz (= Aˆµ910) = −9µ
99
, (4.8)
where
∆(pˆqˆ) =
√
(pˆ+ qˆl)2 + e−2ϕqˆ2 , (4.9)
B
(1)
µν and B
(2)
µν are the NSNS and the RR second-rank antisymmetric tensors, respectively,
µˆνˆ is the metric in type IIB supergravity, l = G910/G1010 = A9 and
B
(pq)
µˆνˆ ≡
pˆB
(1)
µˆνˆ + qˆB
(2)
µˆνˆ
∆(pˆqˆ)
. (4.10)
Then, plugging these equations into eq.(4.6), the θ0-order part of the action in eq.(4.3)
is reduced to [12]
Sddr|θ0 = −
2πT
2
∫
dσ0
∫ 2π
0
dσ1Cpq∆(pˆqˆ)
[√
−γ˜ γ˜ij ∂iX µˆ∂jX νˆµˆνˆ − ǫij∂iX µˆ∂jX νˆB(pq)µˆνˆ
]
.
(4.11)
We regard X10 as the 11th direction, therefore the type IIA string tension Ts is given by
2πL1T/
√
G˚1010 [8] since the eleven-dimensional metric GMN is converted to the type IIA
metric gµˆνˆ by the relationGµˆνˆ = gµˆνˆ/
√
G1010 . Furthermore, putting the background fields
{l, ϕ} to be the asymptotic constant values {l0, ϕ0}, respectively and hence eϕ0 = gIIBs ,
we have
2πTCpq∆(pˆqˆ) → w1 Ts
√
(p+ ql0)2 + e−2ϕ0q2 ≡ w1 Tpq , (4.12)
12Eq.(4.8) leads to
g′µν = ∆(pˆqˆ)µν , g
′
µ9 = ∆(pˆqˆ)9y , g
′
99 = ∆(pˆqˆ)99 ,
A′µν = ∆(pˆqˆ)B
(pq)
µν , A
′
µ9 = −∆(pˆqˆ)B(pq)9µ . (4.7)
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where Tpq is the tension of a (p, q)-string in type IIB superstring theory [8]. We can see
that both the NSNS and the RR antisymmetric tensors have coupled to X µˆ in eq.(4.11),
which implies that the reduced action (4.11) is, in fact, that of (p, q)-strings. Note that w1
is just the number of copies of the resulting (p, q)-string. If we allow q to be zero and take
(p, q, r, s) = (1, 0, 0, 1), we have the fundamental strings in type IIB superstring theory.
On the other hand, (p, q, r, s) = (0, 1, 1, 0) leads to the strings which couple minimally
with the RR B-field, i.e., the D-strings.
4.2 θ2-order action
We next proceed to consider the θ2-order terms in eq.(4.5),
Q′µν = Q˜µν − 2g˜−1yy (A˜(µ|y|P˜ν)y + g˜(µ|y|Q˜ν)y)− g˜−2yy Q˜yy(A˜µyA˜νy − g˜µy g˜νy) ,
Q′µ9 = −g˜−1yy (−P˜µy − g˜−1yy Q˜yyA˜µy) , Q′99 = −g˜−2yy Q˜yy ,
P ′µν = P˜µν − 2g˜−1yy (−A˜[µ|y|Q˜ν]y + P˜[µ|y|g˜ν]y + g˜−1yy Q˜yyA˜[µ|y|g˜ν]y) ,
P ′µ9 = g˜
−1
yy (Q˜µy − g˜−1yy Q˜yy g˜µy) ,
G ′jµ = G˜jµ + g˜−1yy (A˜µyB˜jy − G˜jyg˜µy) , G ′j9 = −g˜−1yy B˜jy
B′jµ = B˜jµ + g˜−1yy (A˜µyG˜jy − B˜jyg˜µy) , B′j9 = −g˜−1yy G˜jy . (4.13)
We shall plug eq.(3.47) into eq.(4.13) and rewrite them by using the type IIB superstring
variables. Note that Q˜µν , P˜µν , etc. include the vielbein e˜
rˆ
µ˜ , which is transformed under
T-dual according to eq.(4.8), and hence we need the T-dual transformation rule of e˜ rˆµ˜ .
In fact, eq.(4.8) can be written by
µˆνˆ = (Q
−1) µ˜µˆ g˜µ˜ν˜ (
tQ−1)ν˜νˆ , 
µˆνˆ = (tQ)µˆµ˜ g˜
µ˜ν˜ (Q) νˆν˜ , (4.14)
where
(
Q−1
) ν˜
µˆ
= ∆
−1/2
(pˆqˆ)

 δ νµ −
g˜µy + A˜µy
g˜yy
0 g˜−1yy

 = ∆−1/2(pˆqˆ)

 δ νµ ∆(pˆqˆ)(9µ −B(pq)9µ )
0 ∆(pˆqˆ)99

 , (4.15)
(Q) νˆµ˜ = ∆
1/2
(pˆqˆ)
(
δ νµ g˜µy + A˜µy
0 g˜yy
)
= ∆
1/2
(pˆqˆ)

 δ νµ −
9µ −B(pq)9µ
99
0 ∆−1(pˆqˆ)
−1
99

 . (4.16)
Thus we can take the transformation rules for the vielbeins as follows [17],
e rˆµˆ = (Q
−1) ν˜µˆ e˜
rˆ
ν˜ , e˜
rˆ
µ˜ = (Q)
νˆ
µ˜ e
rˆ
νˆ ,
e µˆrˆ = e˜
ν˜
rˆ (Q)
µˆ
ν˜ , e˜
µ˜
rˆ = e
νˆ
rˆ (Q
−1) µ˜νˆ . (4.17)
We shall rewrite the 4-form and 3-form field strengths in eq.(3.42) and the 2-form
field strength in (3.46). Since we have
{ ˜ˆF µ˜ν˜ρ˜σ˜ + 4A˜[µ˜H˜ν˜ρ˜σ˜]} = { ˜ˆF µνρσ + 4A˜[µH˜νρσ], ˜ˆF µνρy + 3A˜[µH˜νρ]y − A˜yH˜µνρ} ,
{H˜µ˜ν˜ρ˜} ≡ { ˜ˆF µ˜ν˜ρ˜z} = { ˜ˆF µνρz , ˜ˆF µνyz} = {H˜µνρ, H˜µνy} , (4.18)
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the 4-form and 3-form field strengths with the tangent indices become
F˜rˆsˆtˆuˆ = e˜
µ˜
rˆ e˜
ν˜
sˆ e˜
ρ˜
tˆ
e˜ σ˜uˆ (
˜ˆ
F µ˜ν˜ρ˜σ˜ + 4A˜[µ˜H˜ν˜ρ˜σ˜])
= −∆−2(pˆqˆ)e µˆ[rˆ e νˆsˆ e ρˆtˆ e σˆuˆ] f
(5)
µˆνˆρˆσˆ9 + 4∆
−1
(pˆqˆ)e
µˆ
[rˆ e
νˆ
sˆ e
ρˆ
tˆ
e σˆuˆ] 9[σˆf
(3)
µˆνˆρˆ] ,
H˜rˆsˆtˆ = e˜
µ˜
rˆ e˜
ν˜
sˆ e˜
ρ˜
tˆ
H˜µ˜ν˜ρ˜
= ∆
−3/2
(pˆqˆ) h
(pq)
rˆsˆtˆ
− 3∆−1/2(pˆqˆ) −199 e µˆ[rˆ e νˆsˆ e ρˆtˆ] 9[ρˆ(∆−1(pˆqˆ)h
(pq)
µˆνˆ]9 + 2∂µˆνˆ]9) , (4.19)
and similarly, the 2-form field strength of A˜µˆ in eq.(3.46) is given by
F˜rˆsˆ = e˜
µ˜
rˆ e˜
ν˜
sˆ F˜µ˜ν˜ = e
µˆ
[rˆ e
νˆ
sˆ] (∆
−1
(pˆqˆ)f
(3)
µˆνˆ9 + 29[νˆf
(1)
µˆ] ) , (4.20)
where
b
(pˆqˆ)
µˆνˆ = pˆB
(1)
µˆνˆ + qˆB
(2)
µˆνˆ ,
h
(pq)
µˆνˆρˆ = 3∂[µˆb
(pˆqˆ)
νˆρˆ] ,
f
(5)
µˆνˆρˆσˆτˆ = 5∂[µˆDνˆρˆσˆτˆ ] − 15 ∂[µˆb(−qˆpˆ)νˆρˆ b(pˆqˆ)σˆτˆ ] + 15 b(−qˆpˆ)[µˆνˆ ∂ρˆb(pˆqˆ)σˆτˆ ] ,
f
(3)
µˆνˆρˆ = 3∂[µˆb
(−qˆpˆ)
νˆρˆ] − 3l˜∂[µˆb(pˆqˆ)νˆ ρˆ] ,
f
(1)
µˆ = ∂µˆ l˜ . (4.21)
Note that f (5) is selfdual (f (5) = ∗f (5))
f
(5)
µˆ1µˆ2µˆ3µˆ4µˆ5
=
1
5!
ǫνˆ1νˆ2···νˆ10√− det(µˆνˆ) f (5)νˆ1νˆ2νˆ3νˆ4νˆ5 νˆ6µˆ1νˆ7µˆ2νˆ8µˆ3νˆ9µˆ4νˆ10µˆ5 . (4.22)
Consequently, we have
Γrˆ1rˆ2rˆ3rˆ4rˆ5f
(5)
rˆ1rˆ2rˆ3rˆ4rˆ5
= 10f
(5)
r1r2r3r49˚
Γr1r2r3r49˚Γ+ ,
Γµˆ1µˆ2µˆ3µˆ4µˆ5f
(5)
µˆ1µˆ2µˆ3µˆ49
9µˆ5 =
(
Γr1r2r3r4˚999 + 8e
r4
9 e9sΓ
r1r2r3s˚9Γ− + 2e
9˚
9 e9r5Γ
r1r2r3r4r5Γ−
− 2e s9 e9sΓr1r2r3r49˚Γ−
)
f
(5)
r1r2r3r49˚
, (4.23)
where the index 9˚ stands for the ninth-direction of the tangent space. In the above we
have used the relations below,13
˜ˆ
F µνρσ = 4∂[µ
˜ˆ
Aνρσ] ,
˜ˆ
Aµνρ = D9µνρ +
3
2
{(
b
(pˆqˆ)
9[µ b
(−qˆpˆ)
νρ] +
2 b
(pˆqˆ)
9[µ b
(−qˆpˆ)
|9|ν ρ]9
99
)
− (b(pˆqˆ) ↔ b(−qˆpˆ))
}
,
˜ˆ
F µνρy = 4∂[µ
˜ˆ
Aνρy] = 3∂[µ
˜ˆ
Aνρ]y ,
˜ˆ
Aµνy = b
(−qˆpˆ)
µν +
2b
(−qˆpˆ)
9[µ ν]9
99
H˜µνρ =
˜ˆ
F µνρz = 3∂[µ
˜ˆ
Aνρ]z ,
˜ˆ
Aµνz = b
(pˆqˆ)
µν +
2b
(pˆqˆ)
9[µ ν]9
99
,
H˜µνy =
˜ˆ
F µνyz = 2∂[µ
˜ˆ
Aν]yz ,
˜ˆ
Aµyz = −9µ
99
,
A˜µ = −b(−qˆpˆ)9µ + l˜b(pˆqˆ)9µ ,
A˜y = l˜ (= G˜yz/G˜zz) = ∆
−2
(pˆqˆ){(pˆl − qˆ)(qˆl + pˆ) + pˆqˆe−2ϕ} . (4.24)
13We have assumed that the backgrounds are independent of both Xy and X9 in (4.1)
14
Note that in the case of (p, q) = (1, 0), b
(pˆqˆ)
µˆνˆ is reduced to the ordinary type IIB NSNS
2-from B
(1)
µˆνˆ and ∆(pˆqˆ) = ∆(10) = 1.
The spin connection ω˜ sˆtˆrˆ is rewritten by
ω˜ uˆvˆsˆ = ∆
−1/2
(pˆqˆ) ω
uˆvˆ
sˆ +
1
2
∆
−1/2
(pˆqˆ) 
−1
99 (e9sˆe
[uˆµˆevˆ]νˆ + 2e νˆsˆ e
[uˆµˆe
vˆ]
9 )(2∂[µˆνˆ]9 +∆
−1
(pˆqˆ)h
(pq)
µˆνˆ9 )
−∆−3/2(pˆqˆ) e[uˆνˆ(ηvˆ]sˆ − 2−199 e9sˆevˆ]9 )∂νˆ∆(pˆqˆ) . (4.25)
The gamma matrices with the target space indices of the dual space are defined by
Γµˆ = Γrˆe µˆrˆ , Γµˆ = e
rˆ
µˆ Γrˆ = µˆνˆΓ
νˆ , (4.26)
and eq.(4.17) leads to
Γ˜µ = Γrˆe˜ µrˆ = ∆
−1/2
(pˆqˆ) Γ
rˆe µrˆ = ∆
−1/2
(pˆqˆ) Γ
µ. (4.27)
Similarly to the rescaling in the course of the double dimensional reduction in the pre-
vious section, the spinors θ± are rescaled by ∆
1/4
(pˆqˆ) to maintain the canonical form of the
supersymmetry transformation under T-dual. In fact, we shall define the spinors θ1,2 in
type IIB superstring theory as
θ1 = ∆
−1/4
(pˆqˆ) Ωχθ+ , θ2 = ∆
−1/4
(pˆqˆ) θ− , (4.28)
where
Ωχ =
1√
99
Γ10Γ9 ,
(
Ω2χ = −1
)
(4.29)
and hence
θ¯1 = −θ¯+Ωχ∆−1/4(pˆqˆ) , θ¯2 = θ¯−∆−1/4(pˆqˆ) . (4.30)
Note that θ1,2 satisfy
Γ−θξ = θξ , θ¯ξΓ+ = θ¯ξ , Γ+θξ = θ¯ξΓ− = 0 . (ξ = 1, 2) (4.31)
One comment is in order: The Ωχ (4.29) can be written by
Ωχ =
1√
99
Γ10Γ9 =
1√
g˜yy
Γ10Γy , (4.32)
which is because eq.(4.17) leads to 
−1/2
99 e
rˆ
9 = g˜
−1/2
yy e˜ rˆy .
Now that we shall give Q′, P ′,G ′,B′ in (4.13) by the type IIB variables. With the
tangent space variables,
Q′µˆνˆ = e
rˆ
µˆ e
sˆ
νˆ Q
′
rˆsˆ , P
′
µˆνˆ = e
rˆ
µˆ e
sˆ
νˆ P
′
rˆsˆ , G ′jµˆ = e rˆµˆ G ′jrˆ , B′jµˆ = e rˆµˆ B′jrˆ , (4.33)
eq.(4.13) becomes
Q′rˆsˆ = ∆(pˆqˆ)
{
Qrˆsˆ + 2
−1
99 e
tˆ
9 e9(rˆ(Psˆ)tˆ −Qsˆ)tˆ)
}
,
P ′rˆsˆ = ∆(pˆqˆ)
{
Prˆsˆ + 2
−1
99 e
tˆ
9 e9[rˆ(Psˆ]tˆ −Qsˆ]tˆ)
}
,
G ′jrˆ = ∆1/2(pˆqˆ)
{
Gjrˆ − −199 e9rˆe sˆ9 (Gjsˆ + Bjsˆ)
}
,
B′jrˆ = ∆1/2(pˆqˆ)
{
Bjrˆ − −199 e9rˆe sˆ9 (Bjsˆ + Gjsˆ)
}
. (4.34)
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Then we have
Q′rˆsˆ = Q
(1)
rˆsˆ −Q(3)rˆsˆ −Q(5)rˆsˆ +
i
4
sξζ θ¯ξΓ
uˆvˆ
(rˆ θζh
(pq)
sˆ)uˆvˆ
+
i∆(pˆqˆ)
2
δξζ θ¯ξΓ(rˆΓ|tˆuˆ|θζω
tˆuˆ
sˆ) + 2i∆(pˆqˆ)
−1
99 θ¯1Γuˆvˆ(rˆθ1e
µˆ
sˆ) e
vˆ
9 ∂µˆe
uˆ
9 , (4.35)
P ′rˆsˆ = P
(1)
rˆsˆ − P (3)rˆsˆ − P (5)rˆsˆ −
i
4
δξζ θ¯ξΓ
uˆvˆ
[rˆ θζh
(pq)
sˆ]uˆvˆ +
i∆(pˆqˆ)
2
sξζ θ¯ξΓ[rˆΓ|uˆvˆ|θζω uˆvˆsˆ]
+
i
2
sξζ θ¯ξΓrˆsˆuˆθζe
uˆνˆ∂νˆ∆(pˆqˆ) + 2i∆(pˆqˆ)
−1
99 θ¯1Γuˆvˆ[rˆθ1e
µˆ
sˆ] e
vˆ
9 ∂µˆe
uˆ
9 , (4.36)
G ′jrˆ = i∆(pˆqˆ)δξζ θ¯ξΓrˆ∂jθζ − i∆(pˆqˆ)∂jX µˆ−199 e vˆ9 ∂µˆe uˆ9 θ¯1Γrˆuˆvˆθ1 , (4.37)
B′jrˆ = i∆(pˆqˆ)sξζ θ¯ξΓrˆ∂jθζ − i∆(pˆqˆ)∂jX µˆ−199 e vˆ9 ∂µˆe uˆ9 θ¯1Γrˆuˆvˆθ1 . (4.38)
where ξ, ζ = 1, 2 and s11 = −s22 = 1, s12 = s21 = 0 (cf. (4.21)),14
Q
(n)
rˆsˆ =


− i
2 · n! e
ϕ(n)θ¯1Γ(rˆΓ
rˆ1···rˆnΓs)θ2 f
(n)
rˆ1···rˆn , (n = 1, 3)
− i
4 · n! e
ϕ(n)θ¯1Γ(rˆΓ
rˆ1···rˆnΓs)θ2 f
(n)
rˆ1···rˆn , (n = 5)
P
(n)
rˆsˆ =


− i
2 · n! e
ϕ(n) θ¯1Γ[rˆΓ
rˆ1···rˆnΓs]θ2 f
(n)
rˆ1···rˆn , (n = 1, 3)
− i
4 · n! e
ϕ(n) θ¯1Γ[rˆΓ
rˆ1···rˆnΓs]θ2 f
(n)
rˆ1···rˆn , (n = 5)
(4.39)
ϕ(n) is a “coupling parameter” given by
ϕ(n) = ϕ+
7− n
2
log∆(pˆqˆ) , (4.40)
and ω sˆtˆrˆ is the spin connection in type IIB theory in ten dimensions. Note that ϕ(n) and
hrˆsˆtˆ are reduced to the type IIB dilaton and the field strength of the NSNS 2-form field,
respectively, in the case of (p, q) = (1, 0), or the fundamental string.
Then, the θ2-order part of (4.3) is given by
Sddr|θ2 = −2πiT
∫
dσ0
∫ 2π
0
dσ1Cpq
[
∆(pˆqˆ)(
√
−γ˜ γ˜ijδξζ + ǫijsξζ)∂iX µˆθ¯ξΓµˆDjθζ
+
1
2
{
1
4
(
√
−γ˜ γ˜ijsξζ + ǫijδξζ)∂iX µˆ∂jX νˆ θ¯ξΓ ρˆσˆµˆ θζh(pq)νˆ ρˆσˆ
+ (
√
−γ˜ γ˜ij + ǫij) ∂iX µˆ∂jX νˆ
(eϕ(1)
2
θ¯1ΓµˆΓ
µˆ1Γνˆθ2f
(1)
µˆ1
− e
ϕ(3)
2 · 3! θ¯1ΓµˆΓ
µˆ1µˆ2µˆ3Γνˆθ2f
(3)
µˆ1µˆ2µˆ3
− e
ϕ(5)
4 · 5! θ¯1ΓµˆΓ
µˆ1···µˆ5Γνˆθ2f
(5)
µˆ1···µˆ5
)
+
1
2
ǫijsξζ∂iX
µˆ∂jX
νˆ θ¯ξΓµˆνˆ
ρˆθζ∂ρˆ∆(pˆqˆ)
}]
, (4.41)
where
Di = ∂i +
1
4
∂iX
µˆ ω rˆsˆµˆ Γrˆsˆ . (4.42)
14The extra factor 1/2 for n = 5 is due to the self-duality.
16
As is noted in Ref.[6], the derivative for chiral spinor appears only in the covariant
derivative. Note that in the case of (p, q) = (1, 0), or fundamental string, the resulting
action (4.41) is reduced to the one in Ref.[6]. In that case we can see that the fundamental
string couples with the RR 1-, 3- and 5-form fields with strength eϕ. In the case of
(p, q) = (0, 1), or D-string, the strengths of the coupling with the RR 1-, 3- and 5-form
field strengths are given by e−2ϕ, e−ϕ, 1, respectively. Putting (4.11) and (4.41) together,
we have explicitly the Green-Schwarz type (p, q)-string action of order up to quadratic in
θ in type IIB superstring
Sddr = −2πT
2
∫
dσ0
∫ 2π
0
dσ1Cpq∆(pˆqˆ)
[√
−γ˜ γ˜ij ∂iX µˆ∂jX νˆµˆνˆ − ǫij∂iX µˆ∂jX νˆB(pq)µˆνˆ
+ 2i(
√
−γ˜ γ˜ijδξζ + ǫijsξζ)∂iX µˆθ¯ξΓµˆDjθζ
+
i
∆(pˆqˆ)
{1
4
(
√
−γ˜ γ˜ijsξζ + ǫijδξζ)∂iX µˆ∂jX νˆ θ¯ξΓ ρˆσˆµˆ θζh(pq)νˆρˆσˆ
+ (
√
−γ˜ γ˜ij + ǫij) ∂iX µˆ∂jX νˆ
(eϕ(1)
2
θ¯1ΓµˆΓ
µˆ1Γνˆθ2f
(1)
µˆ1
− e
ϕ(3)
2 · 3! θ¯1ΓµˆΓ
µˆ1µˆ2µˆ3Γνˆθ2f
(3)
µˆ1µˆ2µˆ3
− e
ϕ(5)
4 · 5! θ¯1ΓµˆΓ
µˆ1···µˆ5Γνˆθ2f
(5)
µˆ1···µˆ5
)
+
1
2
ǫijsξζ∂iX
µˆ∂jX
νˆ θ¯ξΓµˆνˆ
ρˆθζ∂ρˆ∆(pˆqˆ)
}]
. (4.43)
Finally in this subsection, we also give the action (4.3) in Nambu-Goto form up to
quadratic in θ by integrating out the worldsheet metric γ˜ij in (4.3), or in (4.43) (cf.
Appendix E)
Sddr = 2πT
∫
d2σ Cpq∆(pˆqˆ)
[
−√−+ 1
2
ǫijB
(pq)
ij − 2i
√−ij θ¯P (+)Γi∇jθ
]
, (4.44)
where
P (+) =
1
2
(
1 +
1
2
√− σ3 ⊗ ǫ
ijΓijΓ
10
)
, (4.45)
Di = ∂i +
1
4
∂iX
µˆ ω rˆsˆµˆ Γrˆsˆ , (4.46)
∇i = Di −
1
4
∂µˆ(ln∆(pˆqˆ))Γ
µˆΓi +
1
8∆(pˆqˆ)
σ3 ⊗ Γρˆσˆh(pq)iρˆσˆ
+
eϕ
8
{
iσ2 ⊗∆2(pˆqˆ) Γµˆ1f (1)µˆ1 − σ1 ⊗
∆(pˆqˆ)
3!
Γµˆ1µˆ2µˆ3f
(3)
µˆ1µˆ2µˆ3
− iσ2 ⊗ 1
2 · 5! Γ
µˆ1···µˆ5f (5)µˆ1···µˆ5
}
Γi , (4.47)
 = det ij , Γi = ∂iX
µˆ Γµˆ, (4.48)
ij = ∂iX
µˆ∂jX
νˆµˆνˆ , B
(pq)
ij = ∂iX
µˆ∂jX
νˆB
(pq)
µˆνˆ , h
(pq)
iνˆρˆ = ∂iX
µˆh
(pq)
µˆνˆρˆ , (4.49)
σ{1,2,3} are Pauli matrices and
θ¯ =
(
θ¯1 θ¯2
)
, θ =
(
θ1
θ2
)
. (4.50)
17
4.3 Fermionic symmetry
First, we show that the (p, q)-string action (4.44) has the κ-symmetry which is really
inherited from the κ-symmetry in the supermembrane (2.5). In fact, we shall analyse the
κ-symmetry of (4.1) along the argument in [18]. Since (4.1) is equivalent to (3.28) when
ǫij∂iΞj = 0 and (3.28) is invariant under the κ-transformation (3.33), the variation of
(4.1) under the κ-transformation should be proportional to ǫij∂iΞj ,
δκSddr = −2πT
∫
d2σ Cpq ǫ
ij∂iΞj (δκX
µA˜µy + iθ¯ΓyΓ
10δκθ − δκX9)
= 2πT
∫
d2σ Cpq ǫ
ij∂iΞj{iθ¯(ΓµA˜µy − ΓyΓ10)(1 + ΓF )κ+ δκX9} , (4.51)
where
θ = θ+ + θ− , κ = κ+ + κ− . (4.52)
Thus, X9 should be transformed as
δκX
9 = −iθ¯(ΓµA˜µy − ΓyΓ10)(1 + ΓF )κ ≡ −iθ¯M(1 + ΓF )κ . (4.53)
We shall rewrite eq.(4.53) with the dual variables, or the (p, q)-string fields and the
supergravity background fields. Since the spinors are converted as in eq.(4.28), we shall
write in the matrix form (4.50). Then, we have15 (cf. Appendix F)
δκX
9 = −i∆1/2(pˆqˆ) θ¯
(
−ΩχM(1 + ΓF )Ωχ −ΩχM(1 + ΓF )
M(1 + ΓF )Ωχ M(1 + ΓF )
)
κ
= −iθ¯ Γ9
(
1− ΩχΓFΩχ 0
0 1 + ΓF
)
κ
= −iθ¯Γ9
(
1− ΓB 0
0 1 + ΓB
)
κ′ ≡ −iθ¯Γ9(1− ΓIIB)κ′ , (4.55)
where
θ =
(
θ1
θ2
)
, κ =
(
κ1
κ2
)
, κ′ =
Γ−
(1− −199 klk9l9)


(
1− ǫmnn9ΓmΩχ√−√99
)
κ1(
1 +
ǫmnn9ΓmΩχ√−√99
)
κ2

 , (4.56)
ΓB =
1
2
1√− ǫ
ijΓijΓ
10 , ΓIIB = σ3 ⊗ ΓB , (4.57)
and we have used the following relations,
M
(
= ΓµA˜µy − ΓyΓ10
)
= ∆
−1/2
(pˆqˆ) (Γ
9 + 2
−1/2
99 ΩχΓ+) , (4.58)
15In rewriting the relations with the dual variables we have used the relation (cf. (4.2))
∂iX
y ∼ γ˜ijǫ
kj
G˜yy
√−γ˜ (∂kX
µ
B˜µy − ∂kX9)− G˜µy
G˜yy
∂iX
µ . (4.54)
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ΩχΓ
9 = Γ9Ωχ + 2
−1/2
99 Γ
10 , (4.59)
(1 + ΓF ) Γ− = (1 + ΓB)
1 +
ǫijj9ΓiΩχ√−√99
1− kl−199 k9l9
Γ− , (4.60)
(1− ΩχΓFΩχ) Γ− = (1− ΓB)
1− ǫmnn9ΓmΩχ√−√99
1− kl−199 k9l9
Γ− . (4.61)
We also calculate δκX
µ (= δκX
µ) to get
δκX
µ = −i(θ¯+ + θ¯−)Γµ(1 + ΓF )(κ+ + κ−)
= −i∆1/2(pˆqˆ)
(
θ¯1 θ¯2
)(−ΩχΓµ(1 + ΓF )Ωχ ΩχΓµ(1 + ΓF )
−Γµ(1 + ΓF )Ωχ Γµ(1 + ΓF )
)(
κ1
κ2
)
= −iθ¯ Γµ(1− ΓIIB)κ′ , (4.62)
where the following relations have been used,
ΩχΓ
µ = ΓµΩχ , Γ
µ = ∆
−1/2
(pˆqˆ) Γ
µ . (4.63)
The κ-transformations of the fermionic coordinates are given by
δκθ1 = δκ(∆
−1/4
(pˆqˆ) Ωχθ+) = (1− ΩχΓFΩχ)κ1 +O(θ2) ,
δκθ2 = δκ(∆
−1/4
(pˆqˆ) θ−) = (1 + ΓF )κ2 −
1
4
δκ(ln∆(pˆqˆ)) θ2 = (1 + ΓF )κ2 +O(θ
2), (4.64)
and hence we arrive at the conclusion that the (p, q)-string action (4.44) is invariant under
the κ-transformation, which is really inherited from that of the supermembrane
δκθ = (1− ΓIIB)κ′ , δκX µˆ = −iθ¯Γµˆ(1− ΓIIB)κ′ , δκΦbg = δκX µˆ∂µˆΦbg . (4.65)
Next, we consider the SUSY transformation. Similarly, the variation of (4.1) under
the SUSY transformation should be proportional to ǫij∂iΞj and it is calculated as (cf.
eq.(3.35))
δǫSddr = −2πT
∫
d2σ Cpq ǫ
ij∂iΞj (δǫX
µA˜µy + iθ¯ΓyΓ
10δǫθ − δǫX9)
= 2πT
∫
d2σ Cpq ǫ
ij∂iΞj {iθ¯(ΓµA˜µy − ΓyΓ10)ǫ+ δǫX9} , (4.66)
and hence
δǫX
9 = −i(θ¯+ + θ¯−)M(ǫ+ + ǫ−)
= −i (θ¯1 θ¯2)
(
−Ωχ{Γ9 + 2−1/299 ΩχΓ+}Ωχ 0
0 Γ9 + 2
−1/2
99 ΩχΓ+
)(
ǫ1
ǫ2
)
= −iθ¯Γ9ǫ = iǫ¯Γ9θ . (4.67)
We also have
δǫX
µ = i(ǫ¯+ + ǫ¯−)Γµ(θ+ + θ−) = i (ǫ¯1 ǫ¯2) Γ
µ
(
θ1
θ2
)
. (4.68)
Thus, the (p, q)-string action (4.44) is invariant under the following SUSY transformation,
which is inherited from the superdiffeomorphism in the supermembrane action,
δǫθ = ǫ , δǫX
µˆ = iǫ¯Γµˆθ , δǫΦbg = δǫX
µˆ∂µˆΦbg . (4.69)
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5 Summary and discussion
In this paper we have explicitly derived the (p, q)-string action of the Green-Schwarz
type from the supermembrane action up to quadratic order in the anti-commuting su-
percoordinate in the bosonic curved background. We have also shown that both the
κ-symmetry and the supersymmetry in the (p, q)-string action are really inherited from
the κ-symmetry and the (super) diffeomorphism in the supermembrane action, respec-
tively. In fact, we have first studied the double dimensional reduction of the wrapped
supermembrane compactified on a 2-torus up to quadratic order of the anti-commuting
coordinate.16 Next, we applied the T-dual transformation and explicitly derived the type
IIB Green-Schwarz superstring action for the (p, q)-string in eq.(4.44).17 This indicates
that the supermembrane actually includes a (p, q)-string as an excitation mode or object.
The (1,0)-string (F-string) is, of course, a fundamental mode in the weak coupling region
gIIBs ≪ 1, while the (0,1)-string (D-string) in the strong coupling region gIIBs ≫ 1 for
l = 0. However, the valid region to treat the (p, q)-string perturbatively is still obscure
and it is deserved to be investigated further.18
In this paper we have considered classically to approach the boundary of vanishing
cycles of the 2-torus with the wrapped supermembrane. On the other hand, Refs.[23, 24]
studied quantum mechanical justification of the double dimensional reduction in Ref.[2].
In those references, the Kaluza-Klein modes associated with the σ2-coordinate were not
removed classically, but they were integrated in the path integral formulation of the
wrapped supermembrane theory. Similar quantum mechanical investigation of the double
dimensional reduction adopted in this paper deserves to be investigated.
Acknowledgments: This work is supported in part by MEXT Grant-in-Aid for the
Scientific Research #20540249 (S.U.).
A Notation
11d super spacetime indices:
Mˆ = (M,α) ,
M,N, P,Q = 0, 1, · · · , 8, 9, 10 ,
α, β, γ = 1, 2, · · · , 32 . (A.1)
11d tangent superspace indices:
Aˆ = (A, a) ,
A, B, C = 0, 1, · · · , 8, 9, 10 ,
a, b, c = 1, 2, · · · , 32 . (A.2)
11d rotated spacetime indices:
M˜, N˜ , P˜ , Q˜ = 0, 1, · · · , 8, y, z . (A.3)
16The procedure of the double dimensional reduction here was realized on the bosonic sector of the
matrix-regularized wrapped supermembrane on R9×T 2 [19] relying on the technique given in [20, 21, 22].
17In the case of (p, q) = (1, 0), or the fundamental string, the resulting action is reduced to the one in
[6].
18Of course, a BPS saturated classical solution of the (p, q)-string action (4.44) is valid irrespective of
the value of the string coupling gIIBs .
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10d spacetime and tangent space indices:
µˆ, νˆ = 0, 1, · · · , 8, 9 ,
rˆ, sˆ = 0, 1, · · · , 8, 9 . (A.4)
10d rotated super spacetime indices:
m˜ = (µ˜, α) ,
µ˜, ν˜ = 0, 1, · · · , 8, y . (A.5)
9d spacetime and tangent space indices:
µ, ν = 0, 1, · · ·8 ,
r, s = 0, 1, · · ·8 . (A.6)
The worldvolume and worldsheet indices:
iˆ, jˆ, kˆ = 0, 1, 2 ,
i, j, k = 0, 1 . (A.7)
target space metrics:
G = 11d target space metric ,
G˜ = 11d rotated target space metric ,
g = 10d IIA target space metric ,
g˜ = 10d IIA rotated target space metric ,
 = 10d IIB target space metric . (A.8)
Worldvolume and worldsheet metrics:
γˆ = membrane worldvolume metric ,
γ = string worldsheet metric . (A.9)
(Anti-)symmetrization r.w.t. indices:
A[µBν] =
1
2
(AµBν − AνBµ) ,
A[µBνCρ] =
1
3!
(AµBνCρ + AνBρCµ + AρBµCν
−AµBρCν − AρBνCµ − AνBµCρ) ,
A[µB|ν|Cρ] =
1
2
(AµBνCρ −AρBνCµ) ,
A(µBν) =
1
2
(AµBν + AνBµ) , etc. . (A.10)
B Bispinor formula
The charge conjugate matrix C satisfies
CΓAC
−1 = −tΓA , tC = −C , (B.1)
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or
Cαγ(ΓA)
γ
τC
τβ = −(ΓA)βα , Cαβ = −Cβα . (B.2)
Eq.(B.1) leads to
θ¯ΓA1A2···Anψ = (−1)
n(n+1)
2 ψ¯ΓA1A2···Anθ . (B.3)
where θ and ψ are 32-component Majorana spinor in eleven dimensions and
θ¯ = i tθ C = i tθ Γ0. (θ¯α = iθ
βCβα) (B.4)
Note that for n = 0, 3, 4, 7, 8 and n = 1, 2, 5, 6, 9, 10, the bispinor products eq.(B.3) are
symmetric and antisymmetric, respectively and
(ΓA1A2···An)αβ =
{
−(ΓA1A2···An)βα , (n = 0, 3, 4, 7, 8)
(ΓA1A2···An)βα , (n = 1, 2, 5, 6, 9, 10)
(B.5)
where the spinor indices are lowered and raised by C
Mαβ = CαγM
γ
β , (B.6)
Mαβ = MαγC
γβ, (B.7)
Mα
β = CαγM
γ
δC
δβ . (B.8)
In particular we have
(ΓA)αβ = (Γ
A)βα . (B.9)
Putting θ = ψ in eq.(B.3) we have the identity
θ¯ΓA1A2···Anθ = 0 . (n = 1, 2, 5, 6, 9, 10) (B.10)
For the chiral-projected spinors ψ±, θ± (cf. eq.(3.49)), eq.(B.1) leads to
ψ¯±ΓA1A2···Anθ± = 0 , (n ∈ 2N)
ψ¯±ΓA1A2···Anθ∓ = 0 , (n ∈ 2N+ 1) (B.11)
and from eqs.(B.3) and (B.11) we have
θ¯+ΓA1A2···Anψ− =
{
ψ¯−ΓA1A2···Anθ+ , (n = 0, 4, 8)
−ψ¯−ΓA1A2···Anθ+ , (n = 2, 6, 10)
θ¯+ΓA1A2···Anψ+ =
{
−ψ¯+ΓA1A2···Anθ+ , (n = 1, 5, 9)
ψ¯+ΓA1A2···Anθ+ . (n = 3, 7)
(B.12)
We also write down some useful formulas for the Γ matrices
ΓrˆΓ
rˆ1rˆ2···rˆn = Γ rˆ1···rˆnrˆ +
∑
i
(−1)i−1δrˆirˆ Γ rˆ1···
i
ˇˆri···rˆn ,
ΓrˆsˆΓ
rˆ1···rˆn = Γ rˆ1rˆ2···rˆnrˆsˆ + 2
∑
i
(−1)iδrˆi[rˆΓ rˆ1···
i
ˇˆri···rˆn
sˆ]
+ 2
∑
i<j
(−1)i+jδrˆi[rˆ δ
rˆj
sˆ] Γ
rˆ1···
i
ˇˆri···
j
ˇˆrj ···rˆn . (B.13)
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C 11d vs. 10d background fields
The 11-dimensional metric can be written by
GMN ≡ e− 23φ
(
gµˆνˆ + e
2φAµˆAνˆ e
2φAµˆ
e2φAνˆ e
2φ
)
=
( 1√
G1010
gµˆνˆ +
1
G1010
Gµˆ10Gνˆ10 Gµˆ10
Gνˆ10 G1010
)
, (C.1)
and the third-rank and forth-rank antisymmetric tensors AˆMNP , FˆMNPQ are decomposed
as
{AˆMNP} = {Aˆµνρ, Aˆµν10, Aˆµν9, Aˆµ910} = {Cµνρ, Bµν , Cµν9, Bµ9} , (C.2)
{FˆMNPQ} = {Fˆµˆνˆρˆσˆ, Fˆµˆνˆρˆ10} = {Fµˆνˆρˆσˆ, Hµˆνˆρˆ} = {4∂[µˆCνˆρˆσˆ], 3∂µˆBνˆρˆ]} . (C.3)
Those fields are related to those in type IIB theory as
gµν = µν −
9µ9ν − B(1)9µB(1)9ν
99
, (C.4)
g9µ =
B
(1)
9µ
99
, (C.5)
g99 =
1
99
, (C.6)
Cµν9 = B
(2)
µν +
2B
(2)
9[µν]9
99
, (C.7)
Cµνρ = D9µνρ +
3
2
{(
B
(1)
9[µB
(2)
νρ] +
2B
(1)
9[µB
(2)
|9|νρ]9
99
)
− (1↔ 2)
}
, (C.8)
Bµν = B
(1)
µν +
2B
(1)
9[µν]9
99
, (C.9)
B9µ =
9µ
99
, (C.10)
Aµ = −B(2)9µ + lB(1)9µ , (C.11)
A9 = l , (C.12)
φ = ϕ− 1
2
ln 99 . (C.13)
C.1 Metric in the rotated coordinate
On the other hand, the 9-10 rotated metric is given by (M˜, N˜ = 0, 1, · · · , 8, y, z)
G˜M˜N˜ = GMN
∂XM
∂XM˜
∂XN
∂XN˜
=


1√
G˜zz
g˜µν +
1
G˜zz
G˜µzG˜νz
1√
G˜zz
g˜µy +
1
G˜zz
G˜µzG˜yz G˜µz
1√
G˜zz
g˜yν +
1
G˜zz
G˜yzG˜νz
1√
G˜zz
g˜yy +
1
G˜zz
G˜yzG˜yz G˜yz
G˜νz G˜yz G˜zz

 . (C.14)
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Thus, we have
G˜zz = qˆ
2G99 + 2pˆqˆ G910 + pˆ
2G1010 = e
4ϕ/3
−2/3
99
{
(pˆ+ qˆl)2 + e−2ϕqˆ2
}
, (C.15)
G˜yy = e
4ϕ/3
−2/3
99
{
(qˆ − pˆl)2 + pˆ2e−2ϕ} , (C.16)
G˜yz = e
4ϕ/3
−2/3
99
{
(pˆl − qˆ)(qˆl + pˆ) + pˆqˆe−2ϕ} . (C.17)
Furthermore,
G˜µy = pˆ Gµ9 − qˆ Gµ10 = 1√
G˜zz
g˜µy +
1
G˜zz
G˜µzG˜yz , (C.18)
and hence
g˜µy =
1√
G˜zz
(
G˜µyG˜zz − G˜µzG˜yz
)
=
B
(pq)
9µ
99
, (C.19)
where, as they are given in (4.9) and (4.10),
∆(pˆqˆ) =
√
(pˆ+ qˆl)2 + e−2ϕqˆ2 , B(pq)µˆνˆ = ∆
−1
(pˆqˆ)(pˆB
(1)
µˆνˆ + qˆB
(2)
µˆνˆ ) . (C.20)
Similarly, we have
g˜yy =
1
∆(pˆqˆ)99
, (C.21)
g˜µν = ∆(pˆqˆ)
(
µν − 9µ9ν
99
+
B
(pq)
9µ B
(pq)
9ν
99
)
. (C.22)
Note that √
G˜zz
G1010
= ∆(pˆqˆ) . (C.23)
D IIA action (3.50)
First, the θ0-order part of (3.28) is given by
Sddr|θ0 = 2πT
∫
d2σ Cpq
[
−
√
−g˜ − 1
2
ǫijA˜ji
]
. (D.1)
Next, we shall calculate the θ2-order part of (3.28). Due to
θ¯+ΓrˆΓ
uˆvˆΓsˆθ− = −θ¯−ΓsˆΓuˆvˆΓrˆθ+ , θ¯+ΓrˆΓuˆ1uˆ2uˆ3uˆ4Γsˆθ− = θ¯−ΓsˆΓuˆ1uˆ2uˆ3uˆ4Γrˆθ+ , (D.2)
we have
Q
(2)
rˆsˆ = −
i
4 · n! e
φ˜ θ¯Γ(rˆΓ
uˆvˆΓsˆ)Γ
10θ F˜uˆvˆ ,
Q
(4)
rˆsˆ =
i
4 · n! e
φ˜ θ¯Γ(rˆΓ
rˆ1···rˆ4Γsˆ)θ F˜rˆ1···rˆ4 ,
P
(2)
rˆsˆ =
i
4 · n! e
φ˜ θ¯Γ[rˆΓ
uˆvˆΓsˆ]θ F˜uˆvˆ ,
P
(4)
rˆsˆ = −
i
4 · n! e
φ˜ θ¯Γ[rˆΓ
rˆ1···rˆ4Γsˆ]Γ10θ F˜rˆ1···rˆ4 . (D.3)
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Then, the θ2-order part of (3.28) is calculated as follows,
Sddr|θ2 = 2πT
2
∫
d2σ Cpq
[
−
√
−g˜ g˜ij(Q˜ij + 2iθ¯Γ(i∂j)θ)− ǫij(−P˜ji − 2iθ¯Γ[jΓ10∂i]θ)
]
=
2πT
2
∫
d2σ Cpq
[
−
√
−g˜ g˜ij
{
2iθ¯Γi∂jθ +
i
2
θ¯ΓiΓrˆsˆθω˜
rˆsˆ
j
− i
8
eφ˜θ¯ΓiΓ
rˆsˆΓjΓ
10θF˜rˆsˆ − i
4 · 4! e
φ˜θ¯ΓiΓ
rˆsˆtˆuˆΓjθF˜rˆsˆtˆuˆ +
i
4
θ¯ΓiΓ
rˆsˆΓ10θH˜jrˆsˆ
}
−ǫij
{
2iθ¯ΓiΓ
10∂jθ +
i
2
θ¯ΓiΓrˆsˆΓ
10θω˜ rˆsˆj +
i
8
eφ˜θ¯ΓiΓ
rˆsˆΓjθF˜rˆsˆ
+
i
4 · 4! e
φ˜θ¯ΓiΓ
rˆsˆtˆuˆΓjΓ
10θF˜rˆsˆtˆuˆ +
i
4
θ¯ΓiΓ
rˆsˆθH˜jrˆsˆ
}]
= −2πiT
∫
d2σ Cpqθ¯(
√
−g˜ g˜ij − ǫijΓ10)Γi∇jθ
= −2πiT
∫
d2σ Cpq
√
−g˜ g˜ij θ¯
(
1− 1
2
√−g˜ ǫ
klΓklΓ
10
)
Γi∇jθ , (D.4)
where
Di = ∂i +
1
4
∂iX
µ˜Γrˆsˆ ω˜
rˆsˆ
µ˜ , (D.5)
∇i = Di − 1
16
eφ˜ΓrˆsˆΓjΓ
10F˜rˆsˆ − 1
8 · 4! e
φ˜ΓrˆsˆtˆuˆΓjF˜rˆsˆtˆuˆ +
1
8
ΓrˆsˆΓ10Hjrˆsˆ . (D.6)
E IIB action (4.44)
Note that
θ¯1ΓrˆΓ
uˆ1···uˆnΓsˆ θ2 = (−)n+12 θ¯2ΓsˆΓuˆ1···uˆnΓrˆ θ1 . (n = 1, 3, 5) (E.1)
Then, the θ2-order part of the action (4.41) is calculated in the matrix form (cf. (4.50))
as follows,
Sddr|θ2 = −2πiT
∫
d2σ Cpq
[
∆(pˆqˆ)θ¯(
√−ij + σ3 ⊗ ǫij)ΓiDjθ
+
1
2
{
1
4
θ¯(σ3 ⊗
√−ij + ǫij)ΓiΓρˆσˆθh(pq)jρˆσˆ
+
eϕ(1)
4
θ¯ {iσ2 ⊗
√−ij + σ1 ⊗ ǫij}ΓiΓµˆ1Γjθf (1)µˆ1
− e
ϕ(3)
4 · 3! θ¯{σ1 ⊗
√−ij + iσ2 ⊗ ǫij}ΓiΓµˆ1µˆ2µˆ3Γjθf (3)µˆ1µˆ2µˆ3
− e
ϕ(5)
8 · 5! θ¯{iσ2 ⊗
√−ij + σ1 ⊗ ǫij}ΓiΓµˆ1···µˆ5Γjθf (5)µˆ1···µˆ5
− 1
2
ǫij θ¯σ3ΓiΓ
µˆΓjθ∂µˆ∆(pˆqˆ)
}]
= −2πiT
∫
d2σ Cpq
[
∆(pˆqˆ)θ¯(
√−ij + σ3 ⊗ ǫij)ΓiDjθ
+
1
2
{
1
4
θ¯(
√−ij + σ3 ⊗ ǫij)(σ3 ⊗ ΓiΓρˆσˆ)θh(pq)jρˆσˆ
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+
eϕ(1)
4
θ¯ (
√−ij + σ3 ⊗ ǫij)(iσ2 ⊗ ΓiΓµˆ1Γj)θf (1)µˆ1
− e
ϕ(3)
4 · 3! θ¯(
√−ij + σ3 ⊗ ǫij) (σ1 ⊗ ΓiΓµˆ1µˆ2µˆ3Γj)θf (3)µˆ1µˆ2µˆ3
− e
ϕ(5)
8 · 5! θ¯(
√−ij + σ3 ⊗ ǫij)(iσ2 ⊗ ΓiΓµˆ1···µˆ5Γj)θf (5)µˆ1···µˆ5
− 1
2
θ¯(
√−ij + σ3 ⊗ ǫij)ΓiΓµˆΓjθ∂µˆ∆(pˆqˆ)
}]
= −4πiT
∫
d2σ Cpq∆(pˆqˆ)
√−ij θ¯P (+)Γi∇jθ , (E.2)
where
P (+) =
1
2
(
1 +
1
2
√− σ3ǫ
ijΓijΓ
10
)
, (E.3)
Di = ∂i +
1
4
∂iX
µˆ ω rˆsˆµˆ Γrˆsˆ , (E.4)
∇i = Di −
1
4
∂µˆ(ln∆(pˆqˆ))Γ
µˆΓi +
1
8∆(pˆqˆ)
σ3 ⊗ Γρˆσˆh(pq)iρˆσˆ
+
eϕ
8
(
iσ2 ⊗∆2(pˆqˆ) Γµˆ1f (1)µˆ1 − σ1 ⊗
∆(pˆqˆ)
3!
Γµˆ1µˆ2µˆ3f
(3)
µˆ1µˆ2µˆ3
− iσ2 ⊗ 1
2 · 5! Γ
µˆ1···µˆ5f (5)µˆ1···µˆ5
)
Γi , (E.5)
and use has been made of the relations
ij θ¯ΓiΓ
µˆΓjθ = 0 , 
ijǫklΓklΓi = 2ǫ
ijΓi . (E.6)
F κ parameters (4.55)
Let λi and γi±j be
λi ≡ ǫ
ij
√−g˜ ΓjΓ
10κ , γi±j ≡
1
2
(
δij ±
ǫikg˜kj√−g˜
)
. (F.1)
Note that γi±j satisfies
γi±jγ
j
±k = γ
i
±k , γ
i
±jγ
j
∓k = 0 , γ
i
+j + γ
i
−j = δ
i
j , (F.2)
and also
ǫijγk±iγ
l
±j = 0 , ǫ
ijγk±iγ
l
∓j =
ǫkl ±√−γ˜γ˜kl
2
, ǫijγk−iγ
l
+j = ǫ
kjγl+j = ǫ
ilγk−i . (F.3)
Then, we have
Γi(γ
i
+j Γ− + γ
i
−j Γ+)λ
j = (1 + ΓF )κ , (F.4)
or
Γi γ
i
±j λ
j
∓ = (1 + ΓF )κ± . (λ
i
± ≡ Γ±λi) (F.5)
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We should note that the projection γi±j can be written, up to the equations of motion of
the auxiliary variables, by
γi±j =
1
2
(
δij ±
ǫikγ˜kj√−γ˜
)
=
1
2
(
δij ±
ǫikkj√−
)
. (F.6)
Since Ξi in eq.(4.2) can be calculated as
Ξi = −γj+i∆(pˆqˆ)
(
∂jX
µˆ9µˆ +B
(pq)
9µˆ ∂jX
µˆ
)
+ γj−i∆(pˆqˆ)
(
∂jX
µˆ9µˆ −B(pq)9µˆ ∂jX µˆ
)
+O(θ2) , (F.7)
we have
Γi = ∂iX
µ˜e˜ rˆµ˜ Γrˆ = ∆
1/2
(pˆqˆ)(γ
j
−iΓj − γj+iΩχΓjΩχ) , (F.8)
where use has been made of Ξi ≃ ∂iXy. And then,
Γi(γ
i
+jΓ− + γ
i
−jΓ+)λ
j = ∆
1/2
(pˆqˆ)(γ
i
−jΓiΓ+ − γi+jΩχΓiΓ+Ωχ)λj . (F.9)
Due to (F.8) λi is rewritten by
λi =
ǫij√−g˜ ∆
1/2
(pˆqˆ)(γ
k
−jΓk − γk+jΩχΓkΩχ)Γ10κ , (F.10)
and hence
γl+iλ
i =
∆
1/2
(pˆqˆ)ǫ
ij
√−g˜ γ
l
+iΓjΓ
10κ , γl−iλ
i = −
∆
1/2
(pˆqˆ)ǫ
ij
√−g˜ γ
l
−iΩχΓjΩχΓ
10κ . (F.11)
Now that we shall evaluate ǫijΓij. We have
ǫijΓij = ∆(pˆqˆ)ǫ
ijΓij
(
1 +
2ǫijγk−iγ
l
+jl9√−99 {Γk9 + k9(1 + ΓBΓ
10)}
)
, (F.12)
where
i9 ≡ ∂iX µˆµˆ9 , Γi9 ≡ ∂iX µˆΓµˆ9 . (F.13)
Up to the equations of motion of the auxiliary variables, we also have
g˜ij = ∆(pˆqˆ) ij
(
1− kl ∂kX µˆ∂lX νˆ 9µˆ9νˆ
99
)
+O(θ2) . (F.14)
Thus, ΓF (3.34) is written by (cf. (F.12))
ΓF = ΓB J , (F.15)
where
J ≡
1 +
2ǫijγk
−iγ
l
+jl9√−99 {Γk9 + k9(1 + ΓBΓ10)}
1− kl−199 k9l9
+O(θ2) . (F.16)
Now that we shall calculate the projection,
1 + ΓF =
1 + ΓB
2
(1 + J ) + 1− ΓB
2
(1− J ) . (F.17)
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First of all, we have
1−J = 1− ΓBΓ
10
2
2ǫijγk−iγ
l
+jl9 Γ9Γk√−99(1− kl−199 k9l9)
+O(θ2) , (F.18)
where use has been made of (F.3) and
γi−k(1 + ΓBΓ
10)Γi = γ
i
+k(1− ΓBΓ10)Γi = 0 . (F.19)
Thus we have
(1 + ΓBΓ
10)(1− J ) = 0 , (F.20)
and (F.17) leads to
(1 + ΓF )Γ− =
1 + ΓB
2
(1 + J )Γ− . (F.21)
In addition, we have
(1− ΩχΓFΩχ)Γ− = {1− ΩχΓBΓ10Ωχ − Ωχ(1− J )Ωχ}Γ− . (F.22)
Since we have
ΩχΓBΓ
10Ωχ = −ΓBΓ10 + 2ǫ
ijj9√−√99ΓiΓ
10Ωχ , (F.23)
Ωχ(1− J )Ωχ =
(
1− ΓBΓ10 + 2ǫ
mnn9√−√99ΓmΓ
10Ωχ
) ǫijγk−iγl+jl9 Γ10ΓkΩχ√−√99(1− kl−199 k9l9) ,
(F.24)
we obtain
(1− ΩχΓFΩχ)Γ− = (1− ΓB)
1− ǫmnn9ΓmΩχ√−√99
1− kl−199 k9l9
Γ− , (F.25)
where use has been made of (F.19) and
ǫmnn9ΓmΓ
10Ωχ
(
1 +
ǫijγk−iγ
l
+jl9 Γ
10ΓkΩχ√−√99(1− kl−199 k9l9)
)
= P+
ǫmnn9ΓmΓ
10Ωχ −
√−nln9l9√
99
1− kl−199 k9l9
+ P−
ǫmnn9ΓmΓ
10Ωχ
1− kl−199 k9l9
, (F.26)
where
P± ≡
1± ΓBΓ10
2
. (P 2± = P±, P±P∓ = 0) (F.27)
That is, eqs.(F.21) and (F.25) lead to eq.(4.55).
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